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Figure 1: Framestaken from an interactiveanimation(6Hz) of a hair modelconsistingof 100K line segments.Left: image without
self-shadows.Others:imagesrenderedwith our algorithm.

Abstract
Self-shadowingis an importantfactor in theappearanceof hair andfur. In thispaperwepresenta new rendering
algorithm to accurately computeshadowedhair at interactiveratesusinggraphicshardware. No constraint is
imposedon thehair style, andits geometrycanbedynamic.
Similar to previouslypresentedmethods,a 1D visibility functionis constructedfor each line of sightof the light
source view. Our approach differs from other work by treating the hair geometryas a 3D density�eld, which
is sampledon the �y using simplerasterization.The rasterizedfragmentsare clustered, effectivelyestimating
the densityof hair along a ray. Basedhereon,the visibility functionis constructed.We showthat realistic self-
shadowingof thousandsof individual dynamichair strandscanberenderedat interactiveratesusingconsumer
graphicshardware.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Color, shading,shadow-
ing, andtexture

1. Intr oduction

Renderinghair, smoke andothersemi-transparentobjectsis
challenging,becauseself-shadowing hasto behandledcor-
rectly. Variousalgorithmsexist,butareeithergearedtowards
of�ine rendering[LV00, Sta94, KH84] or not quite interac-
tiveyet [KN01]. Wepresentamethodthatallows interactive
renderingof dynamichair with dynamiclighting. While we
focuson therenderingof hair in this paper, renderingother
semi-transparentprimitives can be handledwith the same
technique.In Figure1,anexamplerenderingusingour tech-
niqueis demonstrated.

Similar to deepshadow maps[LV00], we do not storea
singledepthateachpixel of ashadow map,but ratherafrac-
tional visibility function (or simply visibility function) that
recordstheapproximateamountof light thatpassesthrough
thepixel andpenetratesto eachdepth.This visibility func-
tion takes into accountthe opacities(cf. coverage)of hair
strands.The partial attenuationof light passingthroughan
objectcanbeaccuratelymodelledwith thehelpof this func-
tion.

The novelty of our algorithm lies in the way the visi-
bility function is constructed.In contrastto deepshadow
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maps[LV00], we do not computethefull visibility function
for eachshadow mappixel andcompressit later — we do
both at the sametime. We rasterizeall hair primitives into
the framebuffer. During rasterizationwe createandupdate
clustersof nearbyprimitives.Theseclustersare thenused
to constructa piecewise linearapproximationto thevisibil-
ity function.An objectcanthenbeshadowed,by evaluating
theapproximatedandcompressedvisibility function.Oural-
gorithmcanbe implementedon currentgraphicshardware,
achieving interactive results(Figure1). On futurehardware,
weexpectreal-timeframerates.

2. RelatedWork

Many techniqueshavebeenproposedfor renderingshadows.
Traditionalshadow maps[Wil78] placea virtual cameraat
the light sourceandrenderthe depthof all visible surfaces
into a shadowmap. A point is in shadow, if its distanceto
the light sourceis biggerthanthe deph-valuestoredin the
shadow map.Thisalgorithmcannothandlesemi-transparent
objects,sinceonly asingledepthvalueis stored.

Anti-aliased shadow maps can be rendered using
percentage-closer�ltering [RSC87]. In this case,multiple
samplesin a �lter region are queriedand the fraction of
samplesin shadow de�nes theshadow value.In theory, this
canbeusedto rendershadows from e.g.hair, but requiresa
largeamountof samplesandstill oftensuffersfrom aliasing
[LV00].

Crow [Cro77] proposedshadowvolumes, wherea polyg-
onal representationof the volumesde�ning the shadowed
regionsis created.At run-timeeveryvisiblepoint is testedif
it lies insideany of theseshadow volumes.It cannotbeused
to rendersemi-transparentobjectssuchashair, sinceonly a
binarydecisioncanbemade.

For the specialcaseof staticmodelsbut dynamiclight-
ing, variousalgorithmshave beenproposedto rendershad-
ows for semi-transparentobjectsor volumesin real-time
[SKS02, DHK� 03, NRH03]. Our algorithm allows for dy-
namicmodels,anddoesnotneedany expensivepreprocess-
ing like thesetechniques.

Deepshadowmaps[LV00] do not storea single depth
valuepershadow mappixel, but insteadstorefractionalvis-
ibility throughall possibledepths.First, this (per-pixel) 1D
visibility function is sampledat many locations.Thenit is
ef�ciently compressedinto apiecewiselinearfunction.Ren-
deringshadowsfrom thisrepresentationis simple:everyvis-
ible point is intersectedwith thecorresponding1D visibility
function.Thefractionalvisibility is simplyqueriedfrom the
approximatedvisibility function,andthenusedto modulate
thecolorat thepoint.

Ourmethodis basedon thesameidea:constructthefrac-
tional visibility function and representit compactly. The
main differenceis how we sampleandcompressthe func-

tion. Wehavealsodecidedto useapiecewiselinearapprox-
imation. During sampling,we alreadydecideon the posi-
tion of theverticesof thepiecewisefunction,which is done
through k-meansclusteringand histogrambinning of the
densities.I.e., we never needto storethe full 1D function
beforewe compressit. Furthermore,our algorithmwasde-
signedto beimplementedongraphicshardware,resultingin
interactiveperformance.

Opacityshadowmaps[KN01] arebasicallyasimplerver-
sion of deepshadow mapsusing graphicshardware. The
maindifferenceto deepshadow mapsis, that the fractional
visibility functionis notcompressed.It is sampledregularly
andstoredin texturemaps.Visibility queriesaredoneusing
texturemapping.Regularsamplingof thevisibility function
usinggraphicshardware is expensive, becauseit either re-
quiressorting the primitives (and renderingthem back-to-
front),or slicingandre-renderingthefull geometryfor every
samplelocationand(usedby Kim andNeumann[KN01]).
Thisapproachrequirestensof re-renderingsto achieveplau-
sible results.In contrast,our methodrequiredsigni�cantly
lessrenderingpasses.Recently, Kosteret al. [KHS04] de-
scribedanacceleratedimplementationof theopacityshadow
mapalgorithm.In theirwork, real-timeresultsareachieved,
at thecostof signi�cantly reducingtheaccuracy of hair rep-
resentationandshadowing (empiricaloffsetsarenecessary
to avoid falseshadowing artifacts).

As a sidenote,we mentionthat the ideaof representing
hair as a density �eld hasbeenproposedby Hadapet al.
[HMT01] for thepurposeof modelingandanimation,but is
not relatedto theapproachdiscussedin thispaper.

3. DensityClustering

Similar to the deepshadow mapping[LV00] and opacity
shadow mapping[KN01], weconstructa1D visibility func-
tion alongtheraysof the light view. In this sectionwe will
elaborateon this.

3.1. Hair asa DensityField

We casttheproblemof shadowing complex volumetricge-
ometryinto volumerenderingterms.Theideais to estimate
a 3D density�eld over the geometryof interest.This den-
sity �eld is analogousto theextinctioncoef�cient s t , which
representsthechanceperunit lengththatlight getsabsorbed
or scatteredalongaray [Ish78]. Thedensity�eld is notcon-
tructedexplicitly, but rathersampledon the�y usingsimple
rasterization.Line primitives representinghair strandsare
rasterizedfor eachpixel. Due to thehigh depthcomplexity
of hair, rangingup to 200in ourexperiments,severalraster-
ized fragmentswill map to the samepixel. Eachfragment
hasanopacityvaluea associatedwith it, indicatingthefrac-
tion of light thatis blocked,i.e. thechancethata light parti-
cle getabsorbedor re�ected (scattered).In thecaseof hair,
this is thefractionof theprojectedareaof a hair strandthat
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coversthepixel. Multiple a's occupying thesamepixel are
compositedby multiplication.This opacityis relatedto the
extinction coef�cient s t as follows. Take a small ray seg-
mentof lengthDs, containingN fragments.The extinction
coef�cient for thatsegmentis expressedas

PN
i= 1(1� a i) = e� s t Ds if f s t =

å N
i= 1 bi

Ds
; (1)

with bi = � ln(1 � a i). The last equationimplies the den-
sity �eld maybecomputedby meansof densityestimation
[Sil86] of b valuesalongtheray. Oncethedensityfunction
is known, wecanobtainthevisibility functionby simply in-
tegratings t :

V(s) = e�
Rs

0 s t dt : (2)

In volumerenderingliterature,thisfunctionis alsoknown
asthe transparency, andis calledtransmittancefunction in
the deepshadow mappaper[LV00]. In the following sec-
tionswe will de�ne the integral function in theexponentas
T(s) =

Rs
0 s tdt, calledopticaldepthin volumerendering.

Fastandaccurateestimationof thedensity�eld s t will be
themainchallengein ourapproach.

3.2. Construction of the Visibility Function

A straightforward way to estimatedensityis the histogram
method[Sil86], which accumulatespoint samplesof a den-
sity function in discretebins. This essentiallygeneratesa
piecewise constantapproximationof the density, which re-
sultsin piecewiselinearopticaldepthaftertheintegrationof
Equation2.

Histogrambin extentscanbe placedeitheruniformly or
non-uniformlyalongthedepth.The�rst approachis related
to opacityshadow mappingtechnique[KN01]: thegeometry
is uniformly slicedandalphavaluesarecompositedfor each
slice.Thiscorrespondsto accumulatingb-valuesin uniform
bins. Imagequality is heavily dependenton the numberof
slices.Usuallyahighnumber, e.g.80, is requiredto achieve
reasonableresults.

We wish to have a representationof the visibility which
hasno restrictionon placementof verticesof thepiecewise
approximationondepthaxis,i.e.theextentsof thehistogram
bins arechosennon-uniformly. Deepshadow maps[LV00]
arealsobasedon a generalpiecewise linearapproximation,
however the constructionis too complicatedto be imple-
mentedin graphicshardware.The improvementsover uni-
form histogramsarediscussedin section5

To accomplishthis, we clusterthe fragments'depthval-
ues,andplacethebinsaroundtheclustersin awaythatthey
re�ect thedistribution of the intersectinggeometry. A clus-
ter representsabundleof coherenthairgeometryandcauses
an increaseof T. This increaseis proportionalto the clus-
ter'sdensity. Assumingit is populateduniformly, T behaves

C1 C2 C3 C4

0

T

s

Figure 2: Clusteringof hair geometry. Thedashedline rep-
resentsa ray intersectionhair geometryat differentdepths.
Thisis obtainedby rasterizingthehair. Thedepthsareclus-
tered,yieldingC1 toC4, andtheir contribution (log of opac-
ity) is accumulatedin the correspondingclusterhistogram
bins.TheresultingT functionis obtainedby integrating the
histogram.

linearly (seeFigure2). Thewidth of thebin is relatedto the
standarddeviation s of a cluster. It measuresthe spreadof
the fragmentsin thecluster, indicatingthe lengthof the in-
crease.

Moreprecisely, wecomputeourhistogramasfollows:

� clusterfragmentswhile rasterizing,yielding themeanµ j .
� rasterizeagain to computestandarddeviation s j of each

clusterbasedon its meanµ j .
� constructK binsbetweenµ j � Dj , with Dj = g� s j , and

gaconstant.
� Performhistogrambinningin anotherrasterizationpass.

This procedureis depictedin Figure2. Pleasenote,that the
geometrydoesnotneedto besortedatall.

Again underthe assumptionof uniform densityinsidea
cluster, weestimatethevalueof gas:

g=
p

3

This is derived from the fact that a uniform distribution of
width W, has variances2 = 1

12W2, and W = 2Dj . Since
g > 1, two adjacentbins might overlap,and caremust be
taken that fragmentsarenot accountedfor twice (it canbe
shown thatfor g< 1 binswill neveroverlap).Wehandlethis
exceptionasfollows. Let R1 betheright handextentof the
�rst overlappingbin, andL2 theleft handextentof thesec-
ond bin. We wish to avoid that R1 > L2, andthereforelet
R1 = L2 = R1+ L2

2 .

The remainingbins in betweenthe clusterbins will also
receivecontributions,but in amuchlessamount.To account
for thesefragmentswe simply addtheir contribution to the
nearestcluster.

3.3. Clustering

We optedfor the k-meansclusteringalgorithm[Llo82] be-
causeof its simplicity. First, K initial clusterpositionsare
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chosen.In an iterative fashion,the positionareupdatedby
the meanof the closestsamplesfor eachcluster, until the
positionsstagnate.For every iteration, the scenehasto be
re-rendered.We restrict the numberof iterationsto one.In
ourexperiencethishasnotcompromisedimagequality.

Sinceopacitiescanvary signi�cantly amongfragments,
wecomputethemeanandvariancein aweightedfashion:

µ = å i bi � depthi

å i bi
s2 = å i bi � (µ� depthi )

2

å i bi
(3)

The ef�ciency of this clusteringalgorithm is dependent
on the choiceof the initial clusterpositions.We chooseto
constructthemuniformly betweenthe nearestand furthest
fragment.

3.4. Filtering

Filtering of the geometryprimitives is an importantaspect
for thecaseof hair, sincestrandsusuallycover only a frac-
tion of apixel. If not,severealiasingartifactswill bevisible
in the shadows. Insteadof supersamplingandpost-�ltering
[LV00], or point splatting[KN01], we rasterizepre-�ltered
linesduring theclustering.This is accomplishedusingtex-
ture mapping.Each of the line segmentsare renderedin
a fashionsimilar to so-called“billboards” which arecom-
monlyusedto renderparticles.

A rectangle is constructed

Figure 3: Filtered hair
strands: we use “bill-
boarded” lines that
have a 1D pre-�ltered
line textureapplied.

in screen space such that it
is aligned along the 3D trans-
formed line segmentwhile fac-
ing the imageplane.A 1D tex-
turecontainsa pre-�ltered gaus-
sian pro�le of the line, and is
applied to the rectanglealong
the length of the segment. A
depiction is given in �gure 3.
Thewidth of thekernelcontrols
the smoothnessof the resulting
shadow. Mipmappingwill assure

that thepro�le is �ltered onceagain to matchthesampling
resolutionof thescreen.

In caseof perspective projection,a line's pixel coverage
decreaseswith depth.To accountfor this,thecontributionof
eachrasterizedfragmentis weightedby its reciprocaldepth
value.

4. Implementation

The presentedalgorithm was implementedon an ATI
Radeon 9800XT graphics board, equipped with pro-
grammablevertex and fragment shading units. We im-
plementedthe clustering for K = 4, since it �ts best in
the 4-vectorformat usedthroughoutthe graphicshardware
pipeline. This optimally utilizes texture spaceand vector
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Figure4: Hair modelusedin Matlabexperiment(seeFigure
5). Left: themodelconsistingof several squarehair bundles.
Right: a histogramof thegathereddata.Thegeometrywas
sampledby tracing a ray throughthe hairs, and intersects
with 3 bundles.

processingperformance.The bulk of the computationsof
the renderingis donein fragmentshaders.Except for the
constructionof line rectanglesasdescribedin section3.4,
which is performedin avertex shader.

We will not go into the low level detailsof our imple-
mentation,since it is quite involved on currenthardware.
Next generationGPUswill easethis, andallow to achieve
higher performanceand precision. In particular, �oating
pointblending[nVI] will havethebiggestimpact.Currently,
to computethesumsin equation3, wehaveto emulatehigh-
precisionblendingon 8-bit integersusinga techniquethat
quadruplesthenumberof renderingpasses[Jam03]. There-
fore, we expectour resultsdescribedin section5 to gain at
leasta factor4 speedupin thefuture.

5. Resultsand Discussion

In Figure 1 several framesof an animatedsequenceare
shown. The�rst frameshows theunshadowedversion.It is
clearthatshadowshaveaseriousimpactontherealism.Fig-
ure 5 shows variousotherresults:long hair, curly hair and
even grass.For a highly detailedmodelof 200K line seg-
ments,weobtainaninteractiveframerateof 3 Hz onanIntel
P4at 1.3Ghz.Performancescaleslinearly with thenumber
of segments.

We validatedtheef�ciency of thealgorithmdescribedin
section3 experimentallyin a Matlab implementation.Also,
a comparisonis madewith usinga uniform histogramcon-
taining2K bins.Theresultsareshown in Figure5.

In the�rst experimentwe ranthealgorithmon datagath-
eredfromanactualhairmodel,shown in Figure4 andFigure
5. In thesecondexperiment,we simulatedfragmentdataby
generating100randomdepthvaluesbetween0 and1 using
a mix of Q gaussiandistributionswith a randommeanand
variance.Two situationsareshown in Figure5: Q = K, and
Q > K. It is clearthat the clusteringapproachoutperforms
the uniform histogrammethod.The latter is proneto e.g.
falseshadowing,whichhappenswhentheincreasestartstoo
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early. Whenthenumberof gaussiansexceedsK, themethod
seemsto breakdown becausemoreactualgeometricclusters
get mappedto the available clustersin the representation.
We notethatthequality in this caseis heavily dependenton
thechoiceof initial clusterpositions,which arechosenuni-
formly between0 and1. Thebottomright imageshows the
samesituation,exceptthatinitial positionshavebeenscaled
75% towardsthe left. This resultsin a more accurateap-
proximationneartheorigin, wherethevisibility function is
moreproneto visualartifactsdueto theexponentialfall-off
(equation2). In general,gaussiansgetassignedto theclosest
k-meanscluster. This impliesthatthosewhich aretoo close
togetherarelikely candidatesto getput into asinglecluster,
especiallywhenQ> K. Visualqualitymightgetaffectedif it
occursneartheorigin. Thechoiceof optimal initial clusters
remainsanopenproblem.

Comparingto Kim etal. [KN01], weachievehigherqual-
ity while displayratesareoneorderof magnitudefaster. Al-
thoughthestepsin our algorithmarecomputationallymore
intensive,opacityshadow mappingrequiresto re-renderthe
scenesigni�cantly morethantheO(K) stepsin ourcase.The
opacityshadow mappingapproachis qualitatively compared
to oursin �gure 5. Onecanopbservethattheopacityshadow
mapis too bright in directly lit areas,andalsolackssignif-
icantshadow detail there.We suspectthis is mainly caused
by theempiricaloffsets,asdiscussedin [KHS04]. Theseare
indispensibleto avoid falseshadowing artifacts,even for a
highamountof slices(256in thiscase).

6. Conclusionand Futur eWork

We have presenteda novel approachto renderself-shadows
for dynamichair geometry. Eachhair strandis taken into
account,thusallowing everypossiblehair style.Thekey in-
sight is that we treat hair geometryas a 3D density�eld,
which is not reconstructedexplicitly, but sampledon the�y
usinghardwarerasterization.A clusteringalgorithmis used
to estimatethegeometrydensity, andusedto constructavis-
ibility functionw.r.t. thelight source.Wehavedemonstrated
the effectivenessof our algorithmboth for renderingspeed
andquality. Resultswill dramaticallyimprove with the ad-
ventof next generationhardware.

Several issuesremainfor the problemof renderinghair.
First of all, aliasingstill occurswhendisplayingthegeome-
try in eye space.A similar methodto theonedescribehere
maybedevisedto alsotacklethisproblem,possiblycreating
ageneralrenderingframework for hair, whichmayevenbe
suitableto displayothercomplex semi-transparentgeome-
try.

As mentionedin section5, imagequality dependson the
choiceof initial clustersfor thek-meansalgorithm[Llo82].
We wish to investigatehow to improve this choicewhich is
doneratheradhocin thecurrentimplementation.Moreover,
otherclusteringalgorithmsmay aswell apply to this prob-
lem.

Acknowledgements

This work is partly fundedby the EuropeanCommission
(EuropeanRegional DevelopmentFund) and the Flemish
Government(IWT).

References

[Cro77] CROW F.: Shadow Algorithmsfor ComputerGraphics.In Pro-
ceedingsSIGGRAPH(July1977),pp.242–248. 2

[DHK � 03] DAUBERT K., HEIDRICH W., KAUTZ J., DISCHLER J.-M.,
SEIDEL H.-P.: Ef�cient Light TransportUsing Precomputed
Visibility. IEEE ComputerGraphics and Applications23, 3
(May 2003),28–37. 2

[HMT01] HADAP S., MAGNENAT-THALMANN N.: Modeling Dynamic
Hair asa Continuum. ComputerGraphicsForum20, 3 (2001),
329–338. 2

[Ish78] ISHIMARU A.: Wave Propagation and Scatteringin Random
Media, vol. 1. AcademicPress,1978. 2

[Jam03] JAMES G.: Renderingobjectsasthick volumes. In ShaderX2:
ShaderProgrammingTips and Tricks With DirectX 9, Engel
W. F., (Ed.).Wordware,2003. 4

[KH84] KAJIYA J., HERZEN B. V.: Ray Tracing Volume Densities.
In ComputerGraphics (Proceedingsof SIGGRAPH84) (July
1984),vol. 18,pp.165–174. 1

[KHS04] KOSTER M., HABER J., SEIDEL H.-P.: Real-timerenderingof
humanhairusingprogrammablegraphicshardware.In Proceed-
ingsof ComputerGraphicsInternational2004(CGI 2004)(June
2004). to appear. 2, 5

[KN01] K IM T.-Y., NEUMANN U.: Opacity Shadow Maps. In Pro-
ceedingsof the EurographicsWorkshopon Rendering(2001),
pp.177–182. 1, 2, 3, 4, 5, 6

[Llo82] LLOYD S.: Leastsquaresquantizationin PCM. IEEE Trans.on
InformationTheory28, 2 (1982),127–138. 3, 5

[LV00] LOKOVIC T., VEACH E.: DeepShadow Maps. In Siggraph
2000,ComputerGraphicsProceedings(2000),Akeley K., (Ed.),
AnnualConferenceSeries,ACM SIGGRAPH/ AddisonWesley
Longman,pp.385–392. 1, 2, 3, 4

[NRH03] NG R., RAMAMOORTHI R., HANRAHAN P.: All-Frequency
Shadows Using Non-linear Wavelet Lighting Approximation.
ACM TransactionsonGraphics22, 3 (2003),376–381. 2

[nVI] nVIDIA webpage.http://www.nvidia.com. 4

[RSC87] REEVES W., SALESIN D., COOK R.: RenderingAntialiased
Shadows with DepthMaps. In ProceedingsSIGGRAPH(July
1987),pp.283–291. 2

[Sil86] SILVERMAN B.: Density Estimationfor Statisticsand Data
Analysis. ChapmanandHall, 1986. 3

[SKS02] SLOAN P.-P., KAUTZ J., SNYDER J.: PrecomputedRadiance
Transferfor Real-Time Renderingin Dynamic,Low-Frequency
Lighting Environments. ACM Transactionson Graphics21, 3
(2002),527–536. 2

[Sta94] STAM J.: Stochasticrenderingof density�elds. In Graphics
Interface'94 (May 1994),pp.51–58. 1

[Wil78] WILL IAMS L.: CastingCurvedShadowsonCurvedSurfaces.In
ProceedingsSIGGRAPH(August1978),pp.270–274. 2

c
 TheEurographicsAssociation2004.



Mertensetal. / A Self-ShadowAlgorithmfor DynamicHairusingDensityClustering

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

20

40

60

80

100

120

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

10

20

30

40

50

60

70

80

90

100

-0.2 0 0.2 0.4 0.6 0.8 1 1.2
0

10

20

30

40

50

60

70

80

90

100

Figure 5: Quality of reconstructedvisibility function.Theblue line representsthe referencesolution.Thered andgreenline
indicate the approximationusing 4-meansclusteringand a uniform 8 bin histogram, respectively. The red stars and blue
trianglesonthehorizontalaxisindicateclustermeansandbin extents,respectively. Left: resultsondatagatheredfromthehair
modelof �gur e 4. Middle and right: resultsfor simulationwith 4 and8 gaussiandistributions,respectively. Thecyanline in
theright �gur e showstheoutputof theclusteringalgorithmwhenscalingthe initial clusters 75%towards theorigin (cluster
indicationsonlycorrespondto solutionin red).

Figure 6: Renderingsof variousmodels.Top row: redlong hair consistingof 3600strands(210Kline segments),runningat 3
Hz. Thelast image (with redborder) showtheresultof running theopacityshadowmapalgorithm[ KN01] using256slices,
for thesamesettingasin the3rd image. Bottomrow, fromleft to right: closeupof thelonghair; curly hair model,consistingof
3900strands(200Ksegments);renderinggrassashair.

c
 TheEurographicsAssociation2004.


